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ABSTRACT: The problem of indexing the observed layer lines in fiber diffraction patterns of complex
helical structures is illustrated in a comprehensive fashion reviewing the practical aspects of the Cochran,
Crick, and Vand theory of helical structures. A practical method that allows indexing the observed layer lines
and determining the number of helical residues per turn of the helix is presented. The method is conceptually
simple and has the advantage with respect to the literature methods proposed so far (see, for instance, Mitsui
in: Acta Crystallogr. 1966 20, 694 ; Acta Crystallogr., Sect, A 1970, A26, 658) of being more suitable for
its implementation in a software work-package aimed at solving helical structures. It may be used also
by nonspecialists in diffraction analysis of crystalline polymers or even for didactical purposes.

Introduction

Helices are common as preferred conformations in both
natural and synthetic macromolecules. Examples of biological
molecules with helical structures are polypeptides chains where
the R-helix is one of the principal secondary structure in protein,1

polynucleotides with the double helix of DNA,2 and polysaccar-
ides.3 Fibrous proteins often consist of multistrand ropes of R-
helices as the double helix of R-keratin4 and the triple helix of
collagen.5 In addition, in nature, helices are formed at all length
scales from the molecular level up to the macroscopic sizes of the
plants and animals. Helices are important and ubiquitous in
biology because identical objects, regularly assembled, form a
helix.1,6 The phenomenon of coiling, indeed, is observed in
various biological and physical systems as it occurs frequently
in several supramolecular extended chain aggregates such as actin
filaments,7 myosin filaments,8 microtubules,9 amyloid fila-
ments,10 one-dimensional filaments of bacteria,11 tobaccomosaic
virus,12 cylindrical stacks of phospholipidmembranes interacting
with an amphiphilic polymer13 up to the tendrils of climbing
plants.14

In the case of synthetic polymers, almost all isotactic and
syndiotactic polymers crystallize in helical conformation.15 He-
lices are preferred conformations also of polytetrafluoroethy-
lene,16 polyoxymethylene,17 andmanyother important polymers.

Helices consist of periodic one-dimensional objects with peri-
odicity c made up of a structural motif repeating regularly along
one axis, trough a translation vector p or “unit height” parallel to
the helix axis and a simultaneous rotation t or “unit twist” around
the axis. The parameters that characterize the helical repetition of
themotif are therefore the helical radius r, and the number of units
M and the number of turnsN included in the identity period c. The
unit height p and the unit twist t are, therefore, defined as the
translation along thehelix axis per residueand the angle of rotation
about the helix axis per residue, respectively. The unit height p and
the unit twist t are related to M and N through the relationships:

p ¼ c

M
; t ¼ 360N

M

Another important parameter used for characterization of
helical conformations is the helical pitch P, corresponding to the
axial length of the helix in one turnP= c/N. Therefore the ratioP/
p corresponds to the ratioM/N. IfP and p are commensurable, the
ratio P/p is rational and may be expressed as the ratioM/N of two
integer numbers. As an example, the 3/1 helix of isotactic poly-
propylene,15 the 18/5 R-helix of polypeptides,18 and the 13/6 helix
of polytetrafluoroethylene16 imply repetition of three units in 1
turn, 18 units/5 turns, and 13 units/6 turns, respectively.

The case of helices characterized by a ratio P/p equal to an
irrational number implies that it is not possible to find a suitable
couple of integer numbers M and N whose ratio is equal to P/p.
Complex helices with incommensurable P and p parameters are
quite common both in biological macromolecules and synthetic
polymers, and arise from small distortions of the P/p ratio from
an ideal rational value. In particular, a small twisting of a simple
helix characterized by small integer values of M and
N parameters may result in a dramatic increase of the chain
periodicity c, whereas the P/p value changes only slightly, giving
rise to helices with high values ofM andN. Noncommensurable
helical parameters correspond to helices where each residue
advances a distance p parallel to the z (helix) axis and rotates
by an angle t around the z axis with p and t remaining finite
numbers. Therefore, for helices with noncommensurable
P and p parameters the chain repetition period is virtually absent,
i.e., cf¥, even though the ratio c/M= p is still a finite number.

The conformation of several helical polymers has been deter-
mined by considering the effects on the X-ray fiber diffraction
patterns caused by helical geometry, exploiting the tendency of
polymer substances to form fibers with a high degree of orienta-
tion of the helical chains parallel to the fiber axis.17 The general
theory used to perform diffraction analysis of helical structures
was first published by Cochran, Crick, andVand (CCV)19 for the
explicit purpose of explaining the diffraction of X-rays by certain
synthetic polypeptides. A version of the formalism was indepen-
dently developed by Alexander Stokes20 in the context of the
research on the structure of nucleic acids but was published only
well after 1951-1953, the crucial years for the discovery of the
structure of helical biomolecules.1,2

The success of the CCV theory is due to the fact that the theory
not only allows for quantitative calculation of the diffraction
intensity distribution fromhelical structures on the different layer
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lines, but also because it allows for precise determination of
helical parameters M and N (or P and p) from analysis of fiber
diffraction patterns of well oriented fibrous specimens even in the
cases that the exact chemical nature of the diffracting object is
unknown.17

One of the difficulties encountered in application of CCV
theory to extract helical parameters from fiber diffraction pat-
terns consists in the fact that for distorted helices, the interpreta-
tion of the fiber diffraction patterns is not straightforward and
often may not be performed unambiguously.21 Since these dis-
tortions are quite common both in biological macromolecules
and synthetic polymers, different authors have developed their
own method to analyze the fiber diffraction patterns from
complex helical structure. The most popular and general ap-
proach that allows for precise determination of the ratio P/p of a
helix is the graphical method proposed by Mitsui.21a However,
Mitsui’s method presents the disadvantage that its application is
quite laborious and demanding for its implementation in a
software package aimed at solving helical structures.

In this paper, we propose a more direct and simple method for
accurate determination of helical parameters, which has the
advantage of giving simultaneously all possible trial values of
M and N parameters for a correct interpretation of fiber diffrac-
tion patterns of complex helices, and allows selecting the most
reliable solution. Furthermore the method is more suitable for its
implementation in a software work-package aimed at solving
helical structures. The method is conceptually simple so that it
may be used also by nonspecialists in diffraction analysis of
crystalline polymers or simply for didactical purposes.

In the following, after a brief illustration of the CCV theory19

for the determination ofM andN parameters in the case of simple
helices, the case of complex helices is presented. Our method is
then illustrated and applied to two specific case studies, i.e. poly
(γ-methyl-L-glutammate) (PMG)18 a synthetic polypeptide al-
ready studied by Mitsui,21a and syndiotactic poly(4-methyl-1-
hexene) (sP4MH), a new syndiotactic copolymer producedwith a
Cs symmetric metallocene catalyst.22

Practical Use of the CCV Selection Rule in the Case of Simple
Helices

In its essence, the CCV theory establishes that the diffraction
intensity on the lth layer line in the X-ray fiber diffraction

of a helical structure may be obtained from the square of the
structure factor F(ξ,ψ,l/c), which can be calculated from the
following equation:

Fl ξ,Ψ,
l

c

� �
¼ f ξ,Ψ,

l

c

� �X
n

Jnð2πξrÞ exp in Ψ þ π

2

� �" #

ð1Þ
where ξ,ψ and ζ= l/c are the cylindrical coordinates of a point in
reciprocal space, f is the form factor of a helical residue, and Jn is
the Bessel function of order n. As shown in the illustration of the
Bessel functions of Figure 1, the amplitude of the Bessel function
Jn(X) for small values of X decreases rapidly as n increases. The
order n of the Bessel functions in the summation is determined
according to the selection rule:19

ζ ¼ n

P
þ m

p
ð2Þ

wherem is an integer number. Bymultiplying bothmembers of eq
2 by c, the selection rule may be also written as:

l ¼ mM þ nN ð20Þ
The theory demonstrates that the order n of the Bessel

functions that contribute to the intensity on each layer line may
be found through eq 2 or 20 by varying m from -¥ to +¥.

As an example, based on eq 20, the order n of Bessel functions
that contribute to the intensity of layer lines l for a 7/2 helix are as
follows:

for l = 0, n = ... -28, -21, -14, -7, 0, 7, 14, 21, 28, ...
for l = 1, n = ... -17, -10, -3, 4, 11, 18, 25, ...
for l = -1, n = ... -25, -18, -11, -4, 3, 10, 17, ...
for l = 2, n = ... -20, -13, -6, 1, 8, 15, 22, ...
...............................................................
for l = 7, n = ... -28, -21, -14, -7, 0, 7, 14, 21, 28, ...
etc.

The difference between successive values of n is always equal to
M (i.e., 7 for a 7/2 helix) for each layer line. The high order Bessel
functions are small, so only the Bessel functions with |n|<7
make an effective contribution to the diffraction intensity on the

Figure 1. Bessel functions of first kind Jn(R) for n from 0 to 10. We recall that, for negative values of n, the relationship J-n(R) = (-1)nJn(R) holds.
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layer lines at radial distance from the meridian of practical
interest for polymers.

Furthermore, one should consider that only the zero-order
Bessel function shows a maximum at the origin (Figure 1),
whereas for the Bessel functions with n > 0 the height of the
first principal maximum gradually decreases with increasing n,
and its location becomes displaced from the origin by an amount
that increases with n (Figure 1).

The distribution of the intensity due exclusively to the main
peak of the lowest order Bessel function that contributes to the
structure factor on the various layer lines for a 7/2 helix is shown
in Figure 2.

It is apparent that aside the equator, a meridional max-
imum is present on layer lines with l equal to a multiple of 7,
where the zero order Bessel function contributes. It is also
apparent that the strongest intensity layer lines aside those
with a meridional maximum are those with l= ( 2, ( 5, ( 9,
( 12, ..., i.e. with l = ((m7 ( 2), where the first order Bessel
function contributes. Moreover, the higher the lowest order
of the Bessel function contributing to the scattered intensity
on a given layer, the more displaced from the meridian
axis is the position of the main maximum. Simulated fiber
diffraction patterns of helices of the kind shown in Figure 2
may be obtained using the program HELIX by Knupp
and Squire23 whose version running under Microsoft Win-
dows, is freely available at the CCP13 Web site (http://www.
ccp13.ac.uk).

More generally, for aM/N helix, based on the selection rule 2
and/or 20, strongmeridional reflections are generally expected on
layer lines with l=(mc/p=(mM, where the zero-order Bessel
function contributes. Furthermore the diffraction intensity in
zones of reciprocal space close to the meridian (at low ξ value) is
higher the lower the order of Bessel functions contributing to the
structure factor.

These general “rules” have been exploited in the common
practice in many cases to analyze the fiber diffraction patterns of
helical structures, with the aim of finding confident values of the
helical parameters M and N (or P and p), to be used in the
successive steps of structural analysis, that is, for building
molecular models of the conformation and packing of the chains
and then for performing structure factors calculations to be
compared with the experimental diffraction intensities. In other

terms, although for structures containingmore than one atomper
residue and/ormore thanone helix per unit cell the distribution of
diffraction intensity on the layer lines depends also on the relative
phases of all atoms (for quantitative calculation of the radial
distribution of intensity of helical structures see for instance refs
17 and 19), it is possible to find confident values of the helical
parameters M and N (or P and p) only taking into account for
each layer line the experimental values of ζobs and the average
diffraction intensity estimated on a qualitative or semiquantita-
tive basis in regions close to the meridian from the fiber diffrac-
tion patterns of well-oriented fiber specimens of a polymer
sample.

As an example of application of the Cochran, Crick and
Vand selection rule, the case of form I of isotactic poly-
(4-methyl-1-pentene) (iP4MP) is illustrated.24 The experimen-
tal values of the height ζobs of the layer lines observed in the
X-ray fiber diffraction pattern of iP4MP along with a quali-
tative estimation of the observed intensity on the first seven
layer lines beside the equator are listed in Table 1.24 As
reported in ref 24, the heights ζobs of the layer lines can be
interpreted in terms of a chain periodicity c of 13.80 Å. The
isotactic configuration of the chain (see ref 15) suggests that
the chain conformation is helical. The presence of a meridio-
nal reflection on the 7-th layer line indicates that the crystal
structure of iP4MP may be described in terms of chains in
helical conformation characterized byM=7 residues included
in the identity period. The comparison between the intensity
of reflections observed on the various layer lines and the
lowest order of the Bessel functions that contribute to the
theoretical diffraction intensity on the various layer lines
of the possible 7/N helices, according to the CCV theory
and the selection rules 2, 20, is reported in Table 1, for
N = 1, 2, and 3, corresponding to the helices 7/1, 7/2, and
7/3, and N=6, 5, and 4 for the corresponding M/(M-N)
enantiomorphic helices 7/6, 7/5, and 7/4, respectively. The
data of Table 1 clearly indicate that the 7/2 helix, or/and 7/5
helix, gives a distribution of lowest order of the Bessel
functions on the layer lines in best agreement with the experi-
mental intensities.

This practice has been used in a large number of cases
independent of the number of atoms in a helical residue, and
the number of helices per unit cell. The so inferred 7/2 helix of
form I of iP4MP has been effectively confirmed in the successive
steps of diffraction analysis even though the unit cell includes
more than one helix.24

Figure 2. Radial distribution of intensity on the layer lines of a 7/2 helix
(of radius r) calculated taking into account only the first maximum of
the lowest order Bessel function. The Bessel functions Jn of lowest order
that contribute to the intensity on the different layer lines are indicated.
The intensity is a continuous function along the radial cylindrical
coordinate ξ and is nonzero only at heights ζ of reciprocal space
equal to l/c with l an integer number corresponding to the index of
the layer lines.

Table 1. Average Values of the Diffraction Intensity (Iobs) on the
Various Layer Lines lHaving Experimental Cylindrical Coordinates
ζobs Observed in the X-ray Fiber Diffraction Pattern of Form I of
Isotactic Poly(4-methyl-1-pentene)24 and Absolute Values of the
Lowest Order of the Bessel Functions n That Contribute to the
Diffraction Intensity on the Layer Lines for Hypothetical 7/N

Helices with N = 1 (or 6), 2 (or 5), and 3 (or 4)

experimental
lowest order |n| of Bessel functions

for M/N helicesa

ζobs (Å
-1) l Iobs 7/1, 7/6 7/2, 7/5 7/3, 7/4

0 0 strong 0 0 0
0.072 1 weak 1 3 2
0.145 2 strong 2 1 3
0.217 3 medium 3 2 1
0.290 4 medium 3 2 1
0.362 5 strong 2 1 3
0.435 6 weak 1 3 2
0.507 7 strongb 0 0 0

aFor each pair of enantiomorphic helices, that is 7/1 and 7/6, 7/2 and
7/5, and 7/3 and 7/4 the value |n| of the lowest order Bessel function
contributing the intensity on the layer line is given in absolute value.
bMeridional reflection.
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Complex Helices

Asdiscussed in the Introduction for the casewhere the ratioP/p
is an irrational number, the chain periodicity is virtually absent,
that is c f ¥, so that the layer lines become infinitely close each
other. Therefore, for a helix with incommensurable parameters,
planes at height ζ= n/P+m/p fill thewhole reciprocal space, and
the layer spacing c*=1/c becomes small as c increases and in the
limit of cf¥, c*f 0. In practice, as demonstrated in the original
paper by CCV19 it is possible to approximate the
true values of P/p by some rational fraction P0/p0 =M/N, which
accounts for all the features of the diffraction pattern.
This practice may be justified by the following argument. Let us
write in explicit the selection rule for a true helix (helical
parametersP and p) and an approximate helix (helical parameters
P0 and p0):

ζ ¼ n

P
þm

p
ð3Þ

and

ζ0 ¼ n

P0 þ
m

p0
ð4Þ

Using the approximate values P0 and p0, a given Bessel
function, whose position along ζ is defined by m and n, moves
in the reciprocal space by a quantity Δζ = ζ - ζ0:

ζ-ζ0 ¼ Δζ ¼ n
1

P
-

1

P0

� �
þ m

1

p
-

1

p0

� �

¼ n
ΔP

PP0 þm
Δp

pp0
ð5Þ

According to eq 5, if the deviations ΔP and Δp are small, the
Bessel function in question will move only a small distance in the
reciprocal space Δζ, especially if n and m are also small. With
increasing the identity period c, the number of structural units
included in the identity period M also increases and the Bessel
functions that for a simpler helix contribute to the diffraction

intensity on the same layer line ζ, are split on different layer lines
and the closely spaced layer lines become mostly filled by Bessel
functions of high order. Therefore, for the majority of the layer
lines, the intensity is quite small, and the lowest order Bessel
functions remain confined in layer lines close to positions given
by the simple helix corresponding to the commensurable approx-
imation of P and p.

These concepts are illustrated inFigure 3, as an example. Let us
suppose that a 5/2 helix is slightly distorted so that, it is
characterized by ≈2.47 residues per turn, instead of 2.5. This
distortion corresponds to a helix including 5 residues in≈ 5/2.47
≈ 2.02 turns insteadof 2 turns. Themost trivial solutionof integer
values of M and N is of course a 247/100 helix. The heights ζ of
layer lines where the Bessel functions of order less than 5
contribute to the diffraction intensity for a 247/100 helix are
shown in Figure 3D. It is apparent that the Bessel functions that
for the 5/2 helix contribute to the diffraction intensity on the same
layer line, e.g. J-2 and J3 for l=1, J1 and J-4 for l=2, J-1 and J4
for l= 3, etc. (Figure 3A), are split on different layer lines in the
case of the 247/100 helix, e.g. J-2 for l=47 and J3 for l= 53, J1
for l = 100 and J-4 for l = 94, etc. (Figure 3D). Therefore, the
first layer line for the simple 5/2 helix at ζ=1/c becomes the 47th
and 53th layer lines at ζ = 47/c0 and 53/c0, respectively, and the
reciprocal space between the equator l = 0 (ζ = 0) and the first
layer line of the 5/2 helix (ζ=1/c), where non-negligible diffrac-
tion intensity is concentrated, becomes filled by 46 closely spaced
layer lines where a low diffraction intensity is concentrated, due
to the contribution of Bessel functions of high order (Figure 3D).
Therefore, for the 247/100 helix the intensity remains namely
concentrated at ζ values (ζ=47/c0, 53/c0, 94/c0, 100/c0 ... and 247/
c0) close to the heights ζ of the parent (undistorted) 5/2 helix (ζ=
1/c, 2/c, 3/c, 4/c, and 5/c).

Figure 3 also shows the concept that the main features of the
diffraction pattern of a complex helix are already contained in a
less complex approximation, namely the 42/17 helix (Figure 3C)
or the 37/15 helix (Figure 3B), since they correspond to the same
distribution of the lowest order Bessel function on the layer lines
as the 247/100 helix. For instance, for the 37/15 helix the Bessel
functions of low order J-2 and J3 define the diffraction intensity
on the 7th and 8th layer lines, respectively, close to the 47th and

Figure 3. Distribution along the ζ axis of the lowest order Bessel functions that contribute to the diffraction intensity on the indicated layer lines l for
5/2 (A), 37/15 (B), 42/17 (C), and 247/100 (D) helices, corresponding to the same value of unit height p= c/M. Only theBessel functionswith |n|<5are
considered. The complex helices B-D may be considered as resulting from small distortions (twisting) of the 5/2 helix, and correspond to helices
characterized by 5 residues in≈2.02-2.03 turns, instead than in 2 turns. Since strong meridional reflections are generally expected on layer lines with
l = M, where the zero-order Bessel function contributes, ζmeridional = M/c = 1/p.
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53th layer lines of the more complex 247/100 helix, the Bessel
functions J1 and J-4 define the intensity on the 14th and 15th
layer lines, close to the 94th and 100th layer lines of the 247/100
helix, etc. (Figure 3B). In other terms the important Bessel
functions of low order of a incommensurate helix are confined
in layer lines close to positions given by simpler helices
corresponding to commensurable approximations of P and p,
the precision in the determination of P and p being limited by
the experimental error.

In general, from the experimental ratio P/p of a given helix the
first nontrivial commensurable helical approximation (with
the lowest M and N integer number) may be found with M
the smallest possible integer number multiple of P/p whereas the
values of N is calculated from N = M/(P/p).

Therefore, in diffraction analysis of complex helical structures,
a practical difficulty in precise determination of helical para-
meters arises because a small twisting of the helix may result in a
dramatic change of the chain periodicity c, whereas the P/p value
changes only slightly. In fact, large values of c while p remains
close to the corresponding value of undistorted helix (p , c),
correspond to large values of M = c/p, so that it is not easy to
index the layer lines without ambiguity because low order Bessel
functions contribute to the diffraction intensity of only a small
number of layer lines, whose l indices do not varywith continuity.
A further complication arises from the broadness of layer lines
along ζ, because twisting of a simple helix is often associated with
conformational disorder due to local variations of P and p. Also
in this case the diffuse scattering is concentrated close to the layer
lineswhere the lowest Bessel functions contribute, and this occurs
in regions of reciprocal space corresponding to the average values
of P and p.

A precise determination of the ratio P/p may be obtained
resorting to the graphical method proposed by Mitsui.21 To this
aim, selection rule 2 is rewritten, multiplying both sides by P or p
to obtain the following equations:

ζrel ¼ ζP ¼ n þm
P

p
ð6Þ

or

ζ0rel ¼ ζp ¼ n
p

P
þm ð7Þ

Equations 6 and 7, define two reduced variables ζrel and ζ0rel
and allow building the diagrams of the kind shown in Figure 4, in
the case of eq 7. Close to each straight line the order nof the Bessel
function is indicated,whereas the exact value ofm is not indicated
because it does not affect the diffraction intensity distribution
directly. From this kind of diagrams it is possible to visualize the
change of the distribution of the diffraction intensity as a function
of the ratio p/P (Figure 4), or P/p if eq 6 is used.

Since the relative positions of the layer lines corresponding to
higher order Bessel functions are more sensitive to the changes of
P/p and p/P, the plots of Figure 4 can be utilized for an accurate
determination of helical parameters. The application of this
method is exemplified in the case of some synthetic R-polypetides
in the plot of Figure 4, which is redrawn from Figure 3 of the
original paper ofMitsui.21 A possible procedure for the use of the
diagram ζ0rel vs. p/P (Figure 4) is as follows:

(a) Plot the observed values of ζ, determined from the X-ray
fiber diffraction pattern, on a transparent paper after scaling by
multiplication for the experimental value of the unit height p.
Mark the relative intensities of the layer lines.

(b) Set the transparent paper parallel to the ordinate of the plot
of Figure 4, and try to find the best fit by sliding the paper along
the p/P-axis, until a satisfactory agreement between the observed
spacing of the layer lines along ζ0rel and a reasonable correspon-

dence of the order n of the Bessel function to the relative
intensities are obtained.

(c) The so obtained value of the p/P ratio is used to find a
suitable commensurable nontrivial approximation of the M and
N parameters. Once the (m, n) values have been assigned to each
layer, the index l of the layer line can be calculated using the
selection rule 2. The identity period c may be then calculated as
the weighted average of l/ζobs.

The application of the Mitsui method21 is here illustrated in
some detail in the case of poly(γ-methyl-L-glutammate) (PMG).
For the chains of PMG various helical conformations having
P/p ≈ 3.63 have been proposed, i.e. the 29/8 (=3.625), 98/27
(=3.630), 69/19 (=3.631), and 91/25 (=3.640) helices.18 The plot
of Figure 4 readily shows that the experimental distribution of
intensity on the layer lines is in a better agreement with the
distribution of Bessel functions for helices withP/p=3.61. From
this value the chain periodicity c = 97.26 Å was proposed by
Mitsui,21a by assuming a 65/18 (=3.611) helix. The observed
values of the heightζobs of the layer lines of PMGare compared in
Table 2with those calculated (ζcalc) in the case of 18/5, 29/8, 47/13
and 65/18 helices. It is apparent the better agreement between ζobs
and ζcalc achieved for 65/18 helix proposed by Mitsui.21a

The New Method

We propose a more direct and simple method for accurate
determination of helical parameters, which has the advantage of
giving simultaneously all possible solutions and it ismore suitable
for the implementation in a software work-package for solving
helical structures. Themethod consists in performing an indexing
of the observed layer lines by evaluating for each observed value
of ζobs trial values of the identity period c, as c= l/ζobs with l an
integer number corresponding to the trial value of the index l of
the layer line. Solutions are selected among those that allow
indexing all observed layer lines for identical values of cwithin the
experimental error.

The problem may be formally stated by solving the following
system of discrete equations, using the identity period c as a
parameter.

ζ1
-1l1 ¼ c

ζ2
-1l2 ¼ c

:::::::::::::::
ζn

-1ln ¼ c

8>><
>>: ð8Þ

The system shown in eq 8 may be reformatted to a matrix
formula that is suitable for electronic computing:

ðZEÞ-1L ¼ cJ ð9Þ
where Z is the row vector of order 1 � k whose elements are the
observed values of ζ (the ζobs values),E is the unitmatrix of order
k � k, L is the column vector of order k whose elements are
the values of l that allow for indexing the observed layer lines, c is
the parametric variable corresponding to the identity period of
the chain and J is the column vector of order k whose elements
are equal to 1. Equation 9 is numerically solved admitting
as solutions only the values of c for which the elements of the
column vector L are integer numbers.

The method is graphically illustrated in the case of PMG in
Figure 5. Taking in consideration only the indexing schemes for
which the weighted average value of the chain periodicity c is less
than 100 Å, and the standard deviation from this average is below
a threshold, the most likely solutions are delineated by the dotted
horizontal lines in Figure 5A. For instance, the trial values of l=
2, 3, 5, 8, and 18, corresponding to the observed values of ζ of
Table 2 allow indexing the observed layer lines for an identical
value of c = 26.9 Å. The other three solutions corresponding
to the horizontal lines in Figure 5A are those already reported
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in Table 2; the fourth one is the conformation proposed
by Mitsui,21a where the trial values of l=7, 11, 18, 29, and 65
allow indexing the observed layer lines for an identical value of
c=97.2 Å (Figure 5A). Therefore, this method allows indexing
all the layer lines with integer numbers in a satisfactory way,
according to several possible solutions.

Extension of the diagram of Figure 5A to solutions leading to
values of chain periodicity c higher than 100 Å is straightforward.
Therefore, the possible indexing schemes of the observed layer
lines found in any chosen interval of values of c, identify a set of
possible solutions to the problem of indexing the diffraction
pattern of a helical structure. These solutions are consequently

Figure 4. ζ0rel-p/P diagram applied to theR-helices of some synthetic polypeptides (redrawn from ref 21a). The number on the straight lines indicates
the order of the Bessel functions that contribute to the diffraction intensity on the layer lines corresponding to the values of ζ0rel= ζ p. The relative
experimental intensities (very weak (vw), weak (w), medium (m), medium weak (mw)) observed on the layer line ζ for poly(γ-butyl-L-glutammate)
(PBG), poly(γ-methyl-L-glutammate) (PMG), and poly(L-alanine) PALA are marked on the strips.

Table 2. Comparison of Possible Indexing Schemes of Layer Lines l for Poly(γ-methyl-L-glutamate)21a

experimental data
18/5 helix,

c = 26.9 Å, P/p = 3.6
29/8 helix,

c = 43.2 Å, P/p = 3.625
47/13 helix,

c = 70.0 Å, P/p = 3.615
65/18 helix,

c = 97.2 Å, P/p = 3.611

ζobs(Å
-1)a intensityb l ζcalc (Å

-1)a l ζcalc(Å
-1)a l ζcalc(Å

-1)a l ζcalc(Å
-1)a nc

0 m 0 0 0 0 0 0 0 0 0
0.0707 vw 2 0.0743 3 0.0694 5 0.0714 7 0.0720 +4
0.1122 vvw 3 0.1115 5 0.1157 8 0.1142 11 0.1131 -3
0.1858 m 5 0.1859 8 0.1851 13 0.1857 18 0.1851 +1
0.2990 vvw 8 0.2974 13 0.3008 21 0.3001 29 0.2981 -2
0.6689 m 18 0.6691 29 0.6711 47 0.6714 65 0.6683 0

aObserved values of the cylindrical coordinate ζ (ζobs) of the different layer lines in the X-ray fiber diffraction pattern of PMG and values cal-
culated (ζcalc) for helices 18/5, 29/8, 47/13, and 65/18.

bAverage value of the experimental diffraction intensity observed on the various layer lines l of the
X-ray fiber diffraction pattern of PMG. Key: m = medium, vw = very weak, and vvw = very very weak. cValue of the lowest order n of the Bessel
functions that contribute to the diffraction intensity on the corresponding layer line at the value of ζcalc.
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labeled according to the increasing value of c or some other
criterion, for instance using the standard deviation (σ) of the
observed layer line spacings from calculated value as a merit
figure.

In the successive step, for any given solution labeled i, char-
acterized by a value of the chain periodicity ci, the corresponding

values of helical parameters Mi and Ni are found, exploiting
all additional available structural information. In particular
knowing the value of unit height p, the value of Mi is calculated
as the nearest integer number (nint) close to the ratio
Mi = nint(ci/p). The value of Ni is then established by trial and
error, applying the selection rule 20 to find for all possible values

Figure 5. (A) Graphical solution of parametric discrete system of eqs 8 and 9, for indexing the observed layer lines of a fiber diffraction pattern of a
helical structure in the case of PMG. For each observed layer line, corresponding to the experimental values of ζ, the possible values of the identity
period c are plotted as a function of the trial values of the index l. The solutions (1-4) are delineated by the dotted horizontal lines that correspond to a
possible indexing of the observed layer lines for an identical value of c. (B) Experimental diffraction intensity on the observed layer line in theX-ray fiber
diffraction pattern of PMG and comparison with the lowest order Bessel functions that contribute to the calculated diffraction intensity on the layer
lines for the 18/5, 47/13, and 65/18 helices. For these helices the distribution of the lowest order Bessel functions is in qualitative agreement with the
experimental distribution of intensity on the layer lines. For helices with incommensurableP and p parameters, the observed layer linesmay be indexed
according to an infinite number of schemes, and solutions 2-4 (29/8, 47/13, and 65/18 helices, respectively) correspond to distorted 18/5 (= 3.6)
R-helices typical of polypeptides.1,18.
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of Ni the lowest order Bessel function that contributes to the
diffraction intensity on each layer line. In this procedure the
possible values for Ni are chosen numerically coincident with
the values of l that index the observed layer lines for the i-th
solution. At this stage of analysis Mi/Ni helices with Mi and
Ni values having a common factor should be discarded, because
they identify solutions for which the chain periodicity c corre-
sponds to c = ci/K with K the greatest common factor between
Mi and Ni. The most reliableMi/Ni helix is then identified as the
helix that gives a distribution of the lowest order Bessel function
on the various layer lines in the best qualitative agreement with
the experimental intensity distribution, and that gives the best
agreement between the observed (ζobs) and calculated (ζcalc)
values of the height of the various layer lines ζ. Following this
procedure, solution 4 in Figure 5A corresponds to the 65/18 helix
proposed by Mitsui,21a and gives the best agreement. However,
application of this method confirms that the other solutions
are good approximations for the conformation of the chain of
PMG. It is apparent, indeed, from Figure 5 that an additional
good approximate solution of the incommensurable helical
conformation of PMG may be envisaged in the 47/13 (=3.615)
helix and that all possible solutions envisaged in Figure 5 and
in Table 2 correspond to a distorted 18/5 R-helix, typical of
polypeptides.1,18

As an example of application of the proposed method to a
crystalline polymer whose conformation of the chain and the
crystal structure are still unknown, the case of syndiotactic poly
(4-methyl-1-hexene) (sP4MH) is explicitly illustrated. sP4MH
has been prepared with a syndiospecific Cs-symmetric metallo-
cene catalyst22 and shows a melting temperature of 166 �C. The
diffraction intensity of fiber specimens of sP4MH is distributed
over 8 off-equatorial layer lines whose heights ζobs are reported
in Table 3. The presence of a meridional reflection on the
8-th observed layer line at ζobs = 0.2480 Å-1 gives a value of
the unit height p = 4.033 Å (since strong meridional reflections
are generally expected on layer lines with l = M, where the
zero-order Bessel function contributes, ζmeridional=M/c=1/p and
p=1/ζmeridional = 1/0.2483). The indexing of the observed layer
lines is nontrivial, indicating that the conformation corresponds
to a complex helix.

The application of our method to the diffraction data of
sP4MH of Table 3 is shown in Figure 6. Also in this case,
taking in consideration only the indexing schemes for which the
weighted average value of the chain periodicity c is less than
100 Å, the most likely solutions of the eqs 8 and 9 are delineated
by the dotted horizontal lines in Figure 6A (solutions 1-3).
According to the solution n.1 the possible values of l indices for
the observed nonequatorial layer lines are l = 2, 3, 4, 5, 7, 8, 10,
and 12, for an identical value of the chainperiodicity c≈ 48( 3 Å,

corresponding to helices including M = c/p ≈ 48/4.03 ≈ 12
residues per period. Similarly, the solution n.2 corresponds to an
indexing of the off-equatorial layer lines with l=3, 4, 6, 7, 10, 11,
14, 17 for a chain periodicity c ≈ 69 ( 2 Å, corresponding
to helices including M = c/p ≈ 69/4.03 ≈ 17 residues per period.
Finally, for the solution n.3 the l indices of the observed layer lines
are l=4, 5, 8, 9, 13, 14, 18, 22, the chain periodicity c corresponds
to c=≈ 88.7( 0.5 Å and the crystal structure would be described
by helices with M = c/p ≈ 89/4.03 ≈ 22 residues per period.

According to the described procedure, the values ofN for each
solution are established by trial and error, applying selection rule
20 to find for all possible values of N the lowest order Bessel
function that contributes to the diffraction intensity on each layer
line. The most reliable M/N helix is then identified as the helix
that gives a distribution of the lowest order Bessel function on the
various layer lines in the best qualitative agreement with the
experimental intensity distribution, with M and N relatively
prime numbers. Let us consider the second indexing scheme of
the observed layer line for which M = 17. Possible helices with
M = 17 that lead to a nonnegligible diffraction intensity on the
observed layer line of sP4MH are the enantiomorphic couples
17/3 and 17/14, 17/4 and 17/13, 17/6 and 17/11, and 17/7 and
17/10 (Table 3). Application of the selection rule 20 indicates that
the distribution of the lowest order Bessel functions on the
observed layer lines in the best qualitative agreement with the
experimental intensity distribution is obtained for the couple of
enantiomorphic helices 17/7 ≈ 2.43 and 17/10 (Table 3). Similar
analysis is reported in Table 3 for the third indexing scheme of
Figure 6A for which M = 22. In this case the couples of
enantiomorphic helices 22/4 and 22/18, 22/8 and 22/14 are
discarded since they correspond to 11/2 and 11/9, 11/4 and 11/7
helices, respectively, whose periodicity c= 11 p= 44.03 is not a
solution of the system of eqs 8 and 9. Nonnegligible intensities on
the layer lines are obtained for the couple of enantiomorphic
helices 22/5 and 22/17, 22/9 and 22/13. It is apparent that a
distribution of the lowest order Bessel functions on the observed
layer lines in good qualitative agreement with the experimental
distribution of intensity is obtained for the 22/9 ≈ 2.44 helix
(or the enantiomorphous 22/13 helix) (Table 3).

Similar considerations lead to identify the helix with M/N =
12/5 (= 2.4) for the indexing scheme corresponding to the
solution n.1 (Figure 6A). Therefore, a suitable description for
the helical conformation of sP4MH in the crystals corresponds to
M/N ratio ≈ 2.4, that is to a 12/5 (=2.4) helix for the solution
n.1 with c= 12p= 48.3 Å, a 17/7 (≈ 2.43) helix for the solution
n.2 with c = 17p = 66.6 Å, and a 22/9 (≈ 2.44) helix for the
solution n.3 with c = 22p = 88.7 Å (Figure 6B). The 17/7 and
22/9 helices, indeed, correspond to a slight distortion of the
12/5 (=2.4) helix with c=12p=48.3 Å (the solution numbered

Table 3. Average Values of the Diffraction Intensity (Iobs) on the Various Layer Lines l Having Experimental Cylindrical Coordinates ζobs
Observed in the X-ray Fiber Diffraction Pattern of Syndiotactic Poly(4-methyl-1-hexene), and Lowest Order of the Bessel Functions n That

Contribute to the Diffraction Intensity on the Layer Lines for Hypothetical Helices 17/N and 22/Na for Different Values of n

experimental lowest order |n| of Bessel functions for M/N helices

ζobs (Å
-1) Iobs

b l 17/3 17/14 17/4 17/13 17/6 17/11 17/7 17/10 l 22/5 22/17 22/9 22/11

0 s 0 0 0 0 0 0 0 0
0.045 w 3 1 5 8 2 4 8 2
0.056 m 4 7 1 5 3 5 1 3
0.091 w 6 2 7 1 4 8 6 4
0.101 s 7 8 6 4 1 9 7 1
0.147 vs 10 8 6 4 1 13 7 1
0.159 w 11 2 7 1 4 14 6 4
0.202 s 14 1 5 8 2 18 8 2
0.248 ms 17 0 0 0 0 22 0 0

aThe couples of enantiomorphic helices 22/4=11/2 and 22/18=11/9, 22/8=11/4, and 22/14=11/7 are not considered because they correspond to
heliceswhose periodicity c=11 p=44.03 is not a solutionof the discrete systemof eqs 8 and9. bKey: vs=very strong, s=strong,ms=mediumstrong,
m = medium, and w = weak.
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1 in Figure 6) and therefore they also correspond to a similar
distribution of the lowest order Bessel function on the layer lines
along the ζ coordinate. The three reliable indexing schemes are
also reported in Table 4. The experimental values of the height of
the layer lines ζobs observed in the X-ray fiber diffraction pattern
of sP4MH are compared in Table 4 with those calculated for
the 12/5, 17/7 and 22/9 helices. This comparison allows identi-
fying the 22/9 (or 22/13) helix as a reasonable commensurable

approximation for the conformation of the chains of sP4MH in
the crystals.

Concluding Remarks

A practical method for the determination of the bestM and
N helical parameters of complex helices from fiber diffraction
data has been presented. Depending on the degree of accuracy
of experimental diffraction data suitable commensurate

Table 4. Comparison of Possible Indexing Schemes of Layer Lines for Syndiotactic Poly(4-methyl-1-hexene) (sP4MH)

experimental
12/5 helix,

c = 48.36 Å, P/p = 2.40
17/7 helix,

c = 68.55 Å, P/p = 2.429
22/9 helix,

c = 88.71Å, P/p = 2.444

ζobs (Å
-1)a Iobs

b l ζcalc (Å
-1)a l ζcalc (Å

-1)a l ζcalc (Å
-1)a nc

0 s 0 0 0 0 0 0 0
0.045 w 2 0.0413 3 0.0438 4 0.0451 -2
0.056 m 3 0.0620 4 0.0583 5 0.0564 +3
0.091 w 4 0.0827 6 0.0875 8 0.0901 -4
0.101 s 5 0.1033 7 0.1021 9 0.1014 +1
0.147 vs 7 0.1447 10 0.1459 13 0.1465 -1
0.159 w 8 0.1654 11 0.1604 14 0.1578 +4
0.202 s 10 0.2068 14 0.2042 18 0.2029 +2

aObserved values of the cylindrical coordinate ζ (ζobs) of the different layer lines in the X-ray fiber diffraction pattern of sP4MH, and values
calculated (ζcalc) for helices 12/5, 17/7, and 22/9

bAverage value of the experimental diffraction intensity observed on the various layer lines l of theX-ray
fiber diffraction pattern of sP4MH. Key: vs= very strong, s = strong, ms=medium strong, m=medium, and w=weak. cValue of the lowest order
n of the Bessel functions that contribute to the diffraction intensity on the corresponding layer line at the value of ζcalc.

Figure 6. (A) Graphical solution of parametric discrete system of eqs 8 and 9, for indexing the observed layer lines in the fiber diffraction pattern of
syndiotactic poly(4-methyl-1-hexene). For each observed layer line, corresponding to the experimental values of ζ, the possible values of the identity
period c are plotted as a function of the trial values of the index l. The solutions (1-3) are delineated by the dotted horizontal lines that correspond to a
possible indexing of the observed layer lines for an identical value of c. (B) Experimental diffraction intensity on the observed layer lines in the X-ray
fiber diffraction pattern of sP4MH and comparison with the lowest order Bessel functions that contribute to the calculated diffraction intensity on the
layer lines for the 12/5, 17/7 and 22/9 helices. For these helices the distribution of the lowest order Bessel functions is in qualitative agreement with the
experimental distribution of intensity on the layer lines. For helices with incommensurableP and p parameters the observed layer lines may be indexed
according to infinite schemes, and the solutions n. 2 and 3 (17/7 and 22/9 helices) correspond to distorted 12/5 (= 2.4) helices.
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approximate values ofM andN parametersmay be found even in
the case of distorted helices where the true P/p ratio is an
irrational number. The method allows for a ready identification
of the parent undistorted approximate helix, that is, the simplest
helixwith lowM andN integer parameters that gives a diffraction
intensity distribution on the layer lines in closest agreement with
the experimental distribution of intensity observed in the X-ray
fiber diffraction pattern. With respect to the literature methods
proposed so far, our method has the advantage of being more
suitable for its implementation in a softwarework-package aimed
at solving helical structures. The graphical representation of the
method is also less demanding and laborious than Mitsui’s
method. The method is very simple and can be used also by
nonspecialists in diffraction analysis of crystalline polymers or
even for didactical purposes.
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